Definition 1. Let X be a Noetherian scheme and F a coherent sheaf on X. The hull of F is a quasi-coherent sheaf F ( * * ) together with a morphism τ : F → F ( * * )
such that
(1) F ( * * ) is S 2 , (2) ker τ = emb F , (3) Supp F ( * * ) = Supp F and (4) τ x : (F/ emb F ) x → F ( * * ) x is an isomorphism for all codimension ≤ 1 points of Supp F .
Let Z ⊂ X be a closed subscheme. We also define a local version of the hull; is is the "best" sheaf that one can associate to F without changing F | X\Z . Thus the local hull of F centered at Z is a quasi-coherent sheaf F ( * * ) Z together with a morphism τ Z : F → F ( * * ) Z such that
(1') depth Z F ( * * ) Z ≥ 2, (2') ker τ Z = tors Z F , the largest subsheaf of F supported on Z, (3') Supp F ( * * ) is the closure of Supp(F | X\Z ) and (4') τ Z : F → F ( * * ) Z is an isomorphism over X \ Z.
(The depth for non-coherent sheaves is defined in [Gro68, Exp.III] . By that definition (1.1') is equivalent to (1.5'); see Lemma 14.) If x ∈ Supp F is a point, we let F ( * * ) x denote the hull of the localization F x centered at {x} ⊂ X x , and call it the punctual hull of F at x.
It is easy to see that local and global hulls always exists. In the local case Z , (1.5) where Z ranges through all codimension ≥ 2 subsets of Supp F .
The formulas (1.5-5') show that local and global hulls are quasi-coherent. Our aim is to understand when local and global hulls are coherent, using
• ass(F ), the set of closures W i ⊂ X of the associated points of F and • properties of the localizations F x for all points x ∈ Z. The local case turns out to be the easier. The following theorem is a generalization of [Gro60, IV.5.11.1].
Theorem 2. Let X be a Noetherian scheme, Z ⊂ X a closed subscheme and F a coherent sheaf on X such that tors Z F = 0. The following are equivalent.
(1) The local hull F ( * * ) Z is coherent.
(2) For every x ∈ Z, the punctual hull
(4) For every x ∈ Z, the completionF x has no 1-dimensional associated primes.
(8) For every W ∈ ass(F ) and x ∈ Z ∩ W , the completionÔ x,W has no 1-dimensional associated primes.
For the coherence of global hulls, there are some obvious restrictions.
3 (Necessary conditions). Let X be a Noetherian scheme and F a coherent, S 2 sheaf on X. We prove in (16) that its support satisfies the following codimension 1 purity condition.
(1) If x ∈ Supp F has codimension 1 in some irreducible component of Supp F then x has codimension 1 in Supp F . Note that the condition is vacuous if Supp F is irreducible, but it is meaningful if Supp F is not pure dimensional. For instance, the union of a plane and an intersecting line can not be the support of a coherent, S 2 sheaf. (It is, however, the support of a quasi-coherent, S 2 sheaf.)
Since a coherent sheaf F and its hull F ( * * ) have the same support by definition, if the hull is coherent then Supp F also satisfies condition (1).
Another condition is the following. If
is an isomorphism over a dense open subset of Supp F , hence (2) there is a dense open subset U ⊂ Supp F such that (F/ emb F )| U is S 2 . This condition turns out to be automatic if X is "nice" (for instance excellent or N-2) but not always; see Example 18.
Thus the key question is to understand when condition (3.1) is also sufficient for the existence of coherent hulls. The answer is given by the following.
Theorem 4. For a Noetherian scheme X the following are equivalent.
(1) A coherent sheaf F has a coherent hull iff the codimension 1 purity condition (3.1) holds for Supp F . (2) O W has a coherent hull for every integral subscheme W ⊂ X.
there is an open, dense subset W 0 ⊂ W that is S 2 and (b) for every point x ∈ W of codimension ≥ 2, the completionÔ x,W has no 1-dimensional associated primes.
5.
The relationship between the global and local hulls is clear in most cases. Assume that F is coherent, S 1 and let Z ⊂ Supp F be a closed subscheme of codimension ≥ 2. Then
So there is no conflict between the local and global notions. However, if codim X Z = 1 then the local hull F ( * * ) Z is neither coherent nor a subsheaf of the hull F ( * * ) . This was the definition adopted in [Kol08] and [Kol15a] and it is better suited to the applications there.
Definition 6 (Pure hulls
The two notions agree if Supp F is irreducible, more generally, if Supp F is pure dimensional. Thus Theorem 4 takes the following form for pure hulls.
Theorem 7. Let X be a Noetherian scheme with a dimension function. The following are equivalent.
(1) Every coherent sheaf F has a coherent pure hull
(What is new in this note?). Most of the results in this note are contained in-or
can be obtained by a careful contemplation of-[Gro60, IV.5.11.1], which essentially says that local hulls are coherent if the completed local ringsÔ x,W are reduced and pure dimensional. Our observation is that only 1-dimensional associated primes of the completed local ringsÔ x,W cause problems, and this way one obtains necessary and sufficient conditions. The key technical point, following [Kol15b] , is the systematic use of punctual hulls.
Proof of Theorem 2
9 (Left exactness). Since push-forward is a left exact functor, the formula (1.5') shows that the local hull F → F ( * * ) Z is also left exact. The situation is more delicate for the hull. The problem is that, even if F 1 ֒→ F 2 is an injection, it can happen that a subscheme Z has codimension ≥ 2 in Supp F 2 but codimension 1 in Supp F 1 . This is, however, the only obstruction. The following special case is especially useful.
Claim 9.1. Let F be a coherent, S 1 sheaf and G ⊂ F a subsheaf. Assume that Supp F satisfies the purity condition (3.1). Then G ( * * ) ⊂ F ( * * ) .
We start the proof of Theorem 2 with the implications (2.1) ⇔ (2.5).
10 (Comparing hulls). Let X be a Noetherian, affine, integral scheme and F a torsion-free coherent sheaf on X. If F has generic rank r then there are injections If Z ⊂ X is a closed, nowhere dense subscheme, we also get injections
Thus we conclude that
Z ) is. Let us now drop the assumptions that X is integral and F is torsion free. Let W i ⊂ X be the closures of the associated points of F . Wi is coherent then so is F ( * * ) . Conversely, for each i there is an injection O Wi ֒→ F . Thus if
Wi . The proof of the local version is the same. Next we show some cases when the structure sheaf has a coherent hull, using some better known conditions of the theory of commutative rings. Note that (11.1) is known as the N-1 condition [Sta15, Tag 0BI1]. If, in addition, W is universally catenary, then π : W n → W preserves codimension [Sta15, Tag 02II]. In particular, if X is excellent then both of these conditions hold for every integral subscheme W ⊂ X, but the conditions (11.1-2) are strictly weaker than excellence.
Proposition 11. Let W be a Noetherian, integral scheme such that
(1) the normalization π : W n → W is finite and (2) if w ′ ∈ W n has codimension 1 then π(w ′ ) ∈ W also has codimension 1. 12 (Punctual hulls). Let (x, X) be a Noetherian, local scheme and F a coherent sheaf on X. Set U := X \ {x}. We have an exact sequence . Its depth at x is ≥ 2 and F
is the hull ofF .
is not coherent, then it is a limit of an infinite increasing sequence of coherent sheaves
and taking completions shows that the hull ofF is also not coherent. Thus we get the following. 13 (Modification and localization). Let X be a scheme, F a quasi-coherent sheaf on X and Z ⊂ X a closed, nowhere dense subscheme. A modification of F centered at Z is a quasi-coherent sheaf G together with a map of sheaves q : F → G such that none of the associated primes of G is contained in Z and q is an isomorphism over X \ Z. A modification is called coherent if G is coherent. If dim Z = 0 then a modification of F centered at Z is called a punctual modification of F .
Let j : X \Z ֒→ X be the natural injection. There is a one-to-one correspondence between modifications and quasi-coherent sheaves
Let π : Y → X be a flat morphism and set W := π −1 (Z). Since j * commutes with flat base change, we obtain that
In particular, the local hull is a sheaf in the Zariski topology and commutes with arbitrary localizations.
Next let x ∈ Z be a point. By localizing we obtain Z x ⊂ X x and F x . Let p x : F x → G x be a coherent modification centered at Z x . First we can extend
0 ⊂ X and then, using [Har77, Exrc.II.5.15], to a coherent modification p : F → G. The following special case is especially useful.
Claim 13.1. Let X be a Noetherian scheme, x ∈ X a point and F a coherent sheaf on X. Then every coherent modification p x : F x → G x centered at x ∈ X x can be extended to a coherent modification p : F → G centered atx ∈ X.
The following lemma is a special case of the assertion that the definition of depth given in [Gro68, Exp.III] is equivalent to the usual definition.
Lemma 14. Let X be a Noetherian scheme and Z ⊂ X a closed, nowhere dense subscheme. Let F → G be a coherent modification centered at Z.
Proof. We may assume that tors Z F = tors Z G = 0, so we have injections
. We need to show that j
is an isomorphism iff depth Z G ≥ 2. For this we may assume that X is affine.
Pick any x ∈ Z and let s ∈ O X be an equation of Z that is not a zero divisor on G. Note that depth x G ≥ 2 iff x is not an associated point of G/sG.
If 
Thus there is an r ∈ m that is not a zero divisor on M/M ′ and so we get an injection M ′ /rM ′ ֒→ M/rM . Therefore depth m M ′ /rM ′ ≥ 1 and so depth m M ′ ≥ 2. Let next P ⊂ R be an associated prime of M and tors P M ⊂ M the torsion submodule corresponding to P . Then tors P M is m-saturated, hence dim tors P M ≥ depth m tors P M ≥ 2. In particular, every associated prime of M has dimension ≥ 2.
Let now X be a Noetherian scheme, F a coherent, S 2 sheaf on X and x ∈ Supp F a point of codimension ≥ 2. Then depth x F ≥ 2. Therefore, if W is an irreducible component of Supp F that contains x then dim O x,W ≥ 2. Equivalently, x also has codimension ≥ 2 in W . This is exactly the codimension 1 purity condition claimed in (3.1).
Proposition 17. Let X be a Noetherian scheme, F a coherent sheaf on X and Z ⊂ X a closed, nowhere dense subscheme that does not contain any of the associated points of F . Then there are only finitely many points x ∈ Z such that depth x F ≤ 1.
Proof. The question is local so we may assume that X is affine. By our assumptions there is a Cartier divisor (g = 0) containing Z and depth x X ≤ 1 iff x is an associated point of F/gF . Since X is Noetherian, there are only finitely many such points.
Example 18. The assumption that Z should not contain any of the associated points of F is necessary. For instance, set X = Spec k[x, y, z, t]/(tx, ty, t 2 ). The associated primes are (0), (x, y, t) and depth p X = 1 at every point p ∈ V (x, y, t).
The assumption that Z should be nowhere dense is also necessary. The following example is modeled on [Nag62, A.1]. Start with R 1 := k[x 1 , y 1 , x 2 , y 2 , . . . ]. Let R 2 ⊂ R 1 be the subring generated by all monomials of degree ≥ 2 and R 3 the ring obtained by inverting every element not contained in any of the ideals m i := R 2 ∩ (x i , y i )R 1 . Then R 3 is Noetherian, has dimension 2 and its maximal ideals are m i R 3 . These form a Zariski dense subset of Spec R 3 and R 3 has depth 1 at all of the maximal ideals.
The next results says that a generically S 2 sheaf is always S 2 outside a codimension ≥ 2 subset.
Corollary 19. Let X be a Noetherian scheme, F a coherent, S 1 sheaf on X and Z ⊂ Supp F a closed, nowhere dense subscheme such that F | X\Z is S 2 . Then there is a closed subscheme W ⊂ Z such that
(1) W has codimension ≥ 2 in Supp F and (2) F | X\W is S 2 .
Proof. By Proposition 17, there are only finitely many points x ∈ Z such that depth x F ≤ 1. We can thus take W := ∪x where x runs through all points of codimension ≥ 2 for which depth x F ≤ 1. 20 (Proof of Theorem 4). The equivalence of (4.1) and (4.2) follows from (10.4).
Assume next that (4.2) holds. As we noted in (3.2), if O W has a hull then there is an open dense subset W 0 ⊂ W that is S 2 and (2.5) ⇒ (2.8) shows that for every point x ∈ W of codimension ≥ 2, the completionÔ x,W has no 1-dimensional associated primes. These are (4.3.a-b).
Conversely 
